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Abstract: In this paper, we study the notion of stochastically dominated in
Cesaro sense of double arrays of random variables which introduced by Fazekas
and Témacs [2]. We also establish the necessary and sufficient conditions for
double arrays of random variables which is stochastically dominated in Cesaro
sense by a non-negative random variable X.
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1 Introduction

Let I be a nonempty index set. A family of random variables {X;,7 € I} is said to be
stochastically dominated by a random variable X if

sup P(|X;| > z) <P(|X]| > z), for all z € R. (1.1)
i€l

We note that many authors use an apparently weaker definition of {Xj;,7 € I} being
stochastically dominated by a random variable Y, namely that
supP(| X;| > z) < CP(|Y] > x), for all z € R (1.2)
i€l
for some constant C' € (0, 00), but it is shown by Rosalsky and Thanh [?], inter alia, that
and are indeed equivalent.

Now we investigate the notion of a double array of independent random variables being
stochastically dominated in Cesaro by a nonnegative random variable X. This notion was
first introduced by Gut [3] for triangular arrays of random variables and extended to multi-
dimensional arrays of random variables by Fazekas and Tomécs [2]. Let { X, m > 1,n > 1}
be a double array of random variable. We say that {X,,,,m > 1,n > 1} is stochastically
dominated by a nonnegative random variable X if

1 m n
sup  —— ZZP(|X”| >z) <P(X > x) for all z € R. (1.3)

m>1,n>1 MN < -
== =1 j=1

We note that Fazekas and Témacs [2] introduced an apparently weaker definition of { X;,,,, m >
1,n > 1} being stochastically dominated by a random variable Y, namely that

1 m n
sup — Y > P(|Xi;] > z) < CP([Y] > z) for all 2 € R (1.4)

m>1,n>1 N “— <=
== i=1 j=1
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for some constant C' € (0, 00). Similar to the result of Rosalsky and Thanh [4], we will prove
in this paper that (1.3)) and (1.4) are actually equivalent.

2 Main result

For a double array of random variables {X,,,;m > 1,n > 1}, the following theorem
characterizes when the function

1 m n
F(z)=1— sup —ZZP(\X”] >z),zeR

mn
m>1,n>1 i=1 j=1

is the distribution function of a nonnegative random variable X such that {X,,,;m >
1,m > 1} is stochastically dominated by X in Cesaro sense.

Theorem 2.1. Let {X,, ,;m > 1,n > 1} be a double array of random variables and let

1 m n
F(x)=1— sup —ZZ]P’UXU\ > ),z € R.

m>1,n>1 TN < -
== =1 j=1

Then F' is nondecreasing, right continuous and lim F(xz) = 0. Moreover, F is the distri-
T—r—00

bution function of a nonnegative random variable X if and only if lim F(x) = 1.
Tr—00

In such a case, { Xy n;m > 1,n > 1} is stochastically dominated by X in Cesaro sense, i.e,

ZZP(]XM| >z) <P(X >z) forall z € R.
i=1 j=1

1
sup —
m>1,n>1MN

Proof. 1t is easy to see that F is nondecreasing. Since P(|X; ;| > ) =1 for all z < 0,1 <
1 <m,1<j<n,wehave lim F(x)=0.
T—r—00

1 m n
Let G(z) = sup — ZZPQX”\ > x),x € R. To show that F is right continuous,

mn
m>1,n>1 i=1 j=1

we will show that G is right continuous; that is, we will show that

lim G(z) = G(a) for all a € R.
z—at

1

m n
Let ¢ > 0 and let a € R. Since G(a) = sup P(|X; ;| > a), there exists
( ) m>1,n>1 mn;; (| ’L’J| )
mo > 1,n9 > 1 such that
1 mgo no c
P(|X; | > z) > G(a) — =.
3D B(Xuyl > @) > Gla) — 5
=1 j=1
Since the function
1 mo no
x p— X;Z;IP(]XZA >zx),r €R
=1 )=
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is nonincreasing and right continuous, there exists § > 0 such that

mo 1o mo no

z;z;]}” | X 4] >x)—moz;z;ﬁ” | X;,j] > a) < 0for all  such that 0 < z—a < 6.
j i=1j

e

2 mono

Therefore, for x sastisfying 0 < x — a < 4, we have

G(z)+e= sup ZZP|X,]|>JU

m>1,n>1MN
i=1 j=1
mo o
> g g P(|X; ;| > x)
mono
=1 j=1
mo no

> ZZP X, 5] > a)

=1 j=1

> G(a)

and so |G(z) — G(a)| < e. Thus lim+ G(x) = G(a). Since F is nondecreasing, right contin-
T—a

uous and lim F(x) =0, it is the distribution function of a random variable X if and only
T—r—00
if

lim F(x)=1.

T—r00

From P(|X; ;| >z) =1forall1 <i<m,1<j<nandz <0, we have F(z) = 0 for
all x < 0. This implies P(X > z) =1 — F(z) =1 for all z < 0 and so

P(XzO)=IP’<ﬁ(X>—;)> ~1

k=1

that is X > 0 almost surely (a.s.). By definition of F, it is clear that {X;;; 1 <i<m,1 <
j < n} is stochastically dominated by X in Cesaro sense.

11

Before establishing the equivalence between the definitions of stochastic domination
given in ([1.3) and (1.4), we present the following simple lemma. This is Lemma 2.3 of
Rosalsky and Thanh [4].

Lemma 2.2. Let g : [0,00) — [0,00) be a measurable function with g(0) = 0 which is
bounded on [0, A] and differentiable on [A, 00) for some A > 0. If £ is a nonnegative random
variable, then

B(g(€)) = E(g(€)1(€ < A)) + g(4) + /A T (@)P(E > 7)d. (2.1)

The next theorem establishes the equivalence between the definitions of stochastic dom-

ination given (|1.3)) and ({1.4]).
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Theorem 2.3. Let {Xm,n,m >1,n > 1} be a double array of random wvariables. Then
there exists a nonnegative random variable X satisfying (L1.3)) if and only if there exist a
nonnegative random variable Y and a constant C' € (0,00) satisfying (1.4). Moreover,

(1) ifg:1]0,00) = [0,00) is a measurable function with g(0) = 0 which is bounded on [0, A]
and differentiable on [A,c0) for some A > 0

or

(i) #f g : [0,00) — [0,00) is a continuous function which is eventually nondecreasing with

2%, 917) = 00

then the condition E (g (Y')) < co where Y is as in (L.4) implies that E(g(X)) < co where
X is as in (1.3).

Proof. Firstly, we need to show that there exists a nonnegative random variable X satisfying
if and only if there exist a nonnegative random variable Y and a constant C € (0, 00)
satisfying (L.4). The necessity half is immediate by taking ¥ = X and C' = 1. Conversely,
assume that there exists a nonnegative random variable Y and a constant C' € (0, 00)

satisfying ((1.4). Then

1 m n
lim sup — P(|X; ;| >z) <C lim P(Y >z)=0
o o RN > ) € i P>

and so by Theorem there exists a nonnegative random variable X with the distribution
function

F(z)=1— sup iZ:E:IP’(\X”] >z),x €R (2.2)

mn
m>1n>1 i=1 j=1

such that (1.3]) holds.

Secondly, we prove that if g : [0,00) — [0,00) is a measurable function with ¢g(0) = 0
which is bounded on [0, A] and differentiable on [A, co) for some A > 0 then the condition
E(g(Y)) < oo where Y is as in (1.4)) implies that E(g(X)) < oo where X is as in (1.3)). By

and (232)

P(X >z)= sup iii]}”ﬂX”] >z)<CP(Y >z),z€R. (2.3)

m>1n>1 TN i—1 j=1
By Lemma and (2.3), we have
E(g(X)) = E(g(X)1(X < A)) +g(4) + /A ¢ @P(X > 2)da

<E(g(X)1(X < A))+g(A) + C/AOO g (@)P(Y > x)dz

<C'+CE(g(Y))
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where C’ is a finite positive constant. Thus the condition E(g(Y)) < oo implies that

E(9(X)) < oc.

Lastly, we now prove that if g : [0,00) — [0,00) is a continuous function which is
eventually nondecreasing with lim g(x) = oo, then the condition E (g (Y')) < oo where Y
T—00

is as in (|1.4) implies that E(g(X)) < oo where X is as in (1.3). Let A > 0 be such that
g(A) > 0 and g is nondecreasing on [A,00). Let B = sup g(z). Then B < oo since g is

0<z<A
continuous. Let

"”g/(lA) if0<x< A,
g(z) if x > A.

h(z) =

and
h=l(t) = inf{z > 0: h(x) >t},t > 0.

Note that for all t > 0 and = > 0, < h(x) if and only if h=1(¢) < x. It is easy to see

that (2.3]) ensures that

Now

—B+CE(h(Y)1(Y < A)+CE(h(Y)1(Y > A))

< B+ Ch(A) +CE (g9(Y)).

Thus the condition E (g (Y')) < oo implies that E(g(X)) < oo.

(2.4)

O]

The following theorem shows that uniformly bounded moment type conditions on a
double array of random variables {X,, ,,m > 1,n > 1} can guarantee the stochastic dom-
ination in Cesaro sense. Throughout the rest of the paper, for > 0, we let log(x) denote

In(max{e,z}) where In is the natural logarithm.

Theorem 2.4. Let {X,,,,,m > 1,n > 1} be a double array of random variables.
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(1) Let g:1]0,00) — [0,00) be a nondecreasing function with ILm g (xz) =o0. If
X oo

sup ZZE (1X5,5])) < o0, (2.5)

mn
m>1,n>1 i=1 j=1

then there exists a nonnegative random variable X with distribution function

F(z)=1- —ZZP (1X;4]) >x),z €R

m>1n>1mn
=1 j=1

such that { X, n,m > 1,n > 1} is stochastically dominated by X in Cesaro sense.
(ii) If
sup I%ZZE|X”\”)<OO for some p > 0, (2.6)

m>1,n> =1 j—1

then there exists a nonnegative random variable X with distribution function

F(z)=1— sup lngZ]P’\X”\>x z€eR

m>1n> i=1 j—1

such that { Xy, n;m > 1,n > 1} is stochastically dominated by X in Cesaro sense, and

E(XPlog~17¢(X)) < oo for all € > 0. (2.7)
(iii) If
sup — ZZE (1X;,[P log" ¢ | X; j|) < 00 for some p > 0 and for some € > 0,
m>1,n>1 NN = 1=1
(2.8)

then there exists a nonnegative random variable X with distribution function

F(z)=1— sup ZZP|X”|>SL‘ r € R,

m>1,n>1 TN = =
such that { Xy, n;m > 1,n > 1} is stochastically dominated by X in Cesaro sense, and
E(X?) < 0. (2.9)

Proof. (i) By the monotonicity of g and the Markov inequality, we have for all large x

sup ZZP | X 5] > x) < (| 0 sup ZZE (1X5.5D))

m>1,n>1T"N m>1,n>11"N
=1 j=1 =1 j=1
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Thus by (2.5 and Ilggog(m) = 00, we have

n

i s =SS B (Xl > 0) < I s 3 E(g(1Xi)) =0,
=1

T=00Om>1,n>11MN i1 m>1 n>1 mn —
7=1 7=1

Therefore, we have

lim F (z) = lim [1— 7221@ (X)) >2) | =1.

T—00 T—00 m>1 TL>1 mn - J 1

Then by applying Theorem we get that {X,,,,m > 1,n > 1} is stochastically
dominated by a nonnegative random variable X in Cesaro sense with distribution
function

F(zx)=1- sup—ZZ]P’ | X > ).

m,n>17110 i=1 j=1
This completes the proof of (i).

(ii) It follows from ([2.5) that (2.6) holds with g(x) = 2P, = > 0. Then by Part (i),
{Xmn;m > 1,n > 1} is stochastically dominated by a nonnegative random vari-
able X in Cesaro sense with distribution function

Flz)=1- —ZZP\X”]>37 z €R.

mn
m>1n>1 i=1 j=1

Let € > 0 and let
h(z) = 2P log ™1 7¢(z), = > 0.

Then, we have

P—1]og® 1 -1
B (z) = T8 (JU)(pQ o2g(:v) (1+¢)) < pxPllog™ 78 (2), = > e. (2.10)
log*** ()
By Lemma (2.10]), the Markov inequality and ({2.6]), we have
o

E(h(X)) = E(h(X)1(X < €)) + h(e) + /h’(x)IP’(X > x)dx

e

IA
N

p+/pxpllog1€(:c)IP’(X > z)dx

oo
— 9¢P p—l1ge—1—¢ — P(| X ;| >
4 [ parhog () mnzz (1Xi5] > 2)d
e

m>1n> i—1 j=1
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o0

< 2P + /px_l log™'7¢(z) sup E(|X
( m>1n>1mn2; ‘ ”’
e

=2e" +p sup ZZE (1X5.517) / “Llog 178 (z)dx

m>1n>1 TN =
< 00.
The proof of (ii) is completed.

(iii) It follows from (2.5) that (2.8) holds with g(z) = 2P log'**®) > 0. Then by Part (i),
{Xmn;m > 1,n > 1} is stochastically dominated by a nonnegative random variable
X in Cesaro sense with distribution function

Fz)=1- —ZZP\X”|>:U z €R.
1mn

m>1 n> P
Let ¢ > 0 and let h(z) = 2P, x > 0. Then, we have
W (z) =paP™t, 2 <0. (2.11)
By Lemma , the Markov inequality and , we have

E(h(X)) = E(h(X)1(X < e)) + h(e) + / W (2)P(X > z)de

€
[e.9]

< 2eP + /pxp_llP’(X > z)dz

€
oo

204 [t sup LSS B(X | > )

m>1,n>1MN

e i=1 j=1
o0
Ser—l—/p:E L sup E(|X; ;[P Jog! e (|1X; Jog1%(x) dx
m>1n>1mnz;]21 (1,51 (1Xi51)) (x)
e
o
:2€p_|-p sup E X ? 1o 1+ X / _110 _1_81' du
m>1n>1mnz;jz1 (1Xs517. og™=(|Xi51)) g (x)

< Q.

The proof of (iii) is completed.
O

The notion of stochastic domination in Cesaro sense of double arrays of random variables
has been used in studying laws of large numbers. We refer the reader to [2], [4-7] and
references therein for this research direction. The result we achieve in this paper maybe
useful for further studies.
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TOM TAT

VE DIEU KIEN BI CHAN NGAU NHIEN
THEO NGHIA CESARO

Ng6 Thi Kim Chi, Hoang Thi Khanh Linh,
Kiéu Khanh Linh, Truong Manh Quyét
Truong Dai hoc Vinh
Ngay nhan bai 18/12/2021, ngay nhan dang 21,/01/2022

Trong bai bao nay, ching toi nghién citu vé khai niém bi chan ngau nhién theo nghia
Cesaro clia mang kép cac bién ngau nhién. Khai niém nay da duge gidi thieu bdi Fazekas
and Témacs [2]. Chiing toi ciing da thiét lap dugc didu kien can va di dé mang kép cac
bién ngau nhién bi chidn ngau nhién theo nghia Cesaro béi mot bién ngau nhién khong am
X.

T khoéa: Mang kép; bi chin ngau nhién; bién ngiu nhién; ham phan phdi.
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